We quantify the dependence of strain on dynamic magnetic field in magnetostrictive transducers. Dynamic eddy current losses are modeled as a one-dimensional (1D) magnetic diffusion problem in cylindrical coordinates. The constitutive magnetostrictive response to an average diffused magnetic field is quantified with the Jiles-Atherton model. The transducer is represented as a lumped-parameter, single-degree-of-freedom resonator with force input dictated by the magnetostriction. This equivalent force is expressed as a summation of Fourier series terms. The total dynamic strain output is obtained by superposition of strain solutions due to each harmonic of the force input.
(Some figures in this article are in colour only in the electronic version)
Magnetostrictive materials deform when exposed to magnetic fields and change their magnetization state when stressed. These responses are nonlinear, hysteretic, and frequencydependent. Several models exist for describing the dependence of strain on field at quasi-static frequencies. The strain vs field response changes significantly relative to the quasistatic case as the frequency of applied field is increased. Modeling the dynamic strain vs field hysteresis relationship has been a challenging problem because of the inherent nonlinear and hysteretic behavior of magnetostrictive materials and complexity of dynamic magnetic losses and structural vibrations of magnetostrictive transducers. Previous attempts have involved mathematical techniques such as the Preisach model [1] [2] [3] and genetic algorithms [4] . A phenomenological approach including eddy currents and structural dynamics was recently presented [5] .
The chief intent of this paper is to present a new approach for modeling the strain vs field hysteresis relationship of magnetostrictive materials driven with dynamic magnetic fields in actuator devices (figure 1). The approach builds on our prior models for dynamic hysteresis in ferromagnetic shape memory Ni-Mn-Ga [6] .
Application of an alternating magnetic field to a conducting material such as Terfenol-D results in the generation of eddy currents and an internal magnetic field which partially offsets the applied field. The relationship between the eddy currents and applied fields is described by Maxwell's electromagnetic equations. Assuming that the magnetization is uniform and does not saturate, the diffusion equation describing the magnetic field inside a 1D conducting medium of cylindrical geometry has the form [7] 
where σ is electrical conductivity and μ is magnetic permeability. For harmonic applied fields, the boundary condition at the edge of the cylindrical rod (r = R) is given by, where H 0 is the amplitude and ω = 2π f a is the circular frequency (rad s −1 ) of the magnetic field on the surface of the magnetostrictive material. The solution to (1) gives the magnetic field values H (r, t) at radius r and time t. To estimate the effective field, we average the magnetic field by integrating over the cross-section of the material. Figure 2 shows the average field waveforms at several applied field frequencies. With increasing frequency, the magnetic field diffusion results in a decrease in the amplitude and an increase in the phase lag of the averaged field relative to the field on the surface of the material.
It is proposed that the material response is dictated by this averaged field. The constitutive material response is obtained from the Jiles-Atherton model [8] in combination with a quadratic model for the magnetostriction. It is assumed that the relationship between magnetostriction and field does not include additional dynamic effects. The process to obtain the magnetostriction has been detailed before [8] . The magnetostriction is assumed to be dependent on the square of magnetization as
with λ magnetostriction, M magnetization, and M s saturation magnetization. The quadratic relationship is justified by the use of a sufficiently large bias stress in the magnetostrictive material [9] . At low magnetic fields, the total strain (ε) is given by the superposition of the magnetostriction and elastic strain,
in which E is the open-circuit elastic modulus. Note that equation (4) gives the material response to a dynamic average field. However, the response of a dynamic actuator including a magnetostrictive driver and external load must be obtained by incorporating structural dynamics. A dynamic model of a magnetostrictive actuator is illustrated in figure 3 . The actuator is modeled as a singledegree-of-freedom lumped-parameter resonator in which a magnetostrictive rod acts as an equivalent spring of stiffness E A/L, with A the area and L the length. This equivalent spring is in parallel with the load stiffness k, which is also used to pre-compress the rod. The overall system damping is represented by lumped damping coefficient c; the combined mass of the magnetostrictive rod and output pushrod are modeled as a lumped mass m. When an external field H a (t) is applied to the rod, an equivalent force F(t) is generated which drives the motion of the mass.
The dynamic system equation is written as
with x the displacement of mass m. Substitution of (4) into (5) combined with ε = x/L gives
Equation (6) represents a second-order dynamic system driven by the magnetostriction.
The dependence of magnetostriction on applied field is nonlinear and hysteretic, and follows the dynamics of a zero-order system, i.e. the magnetostriction does not depend on the frequency of the applied magnetic field. For periodic applied fields, the magnetostriction also follows a periodic waveform and hence the properties of Fourier series are utilized to express the magnetostriction as
where | n | and n respectively represent the magnitude and phase of the nth harmonic of actuation frequency f a . The term AEλ(t) represents an equivalent force that dictates the dynamic response of the actuator. Using the superposition principle, the total dynamic strain (ε d ) is given by
with f n natural frequency and ζ damping ratio. Figure 4 shows a comparison of model results and experimental measurements collected from a Terfenol-D transducer [10] . The model parameters, which remain the same at all the frequencies, are: μ = 5μ 0 , 1/σ = 58e − 8 m, f n = 1150 Hz, and ζ = 0.2. The model accurately describes the changing hysteresis loop shape and peak-to-peak strain magnitude with increasing frequency. These results show improvement over previous work using the same data [5] . With increasing frequency, the strain lags behind the applied field due to the combined contributions of the system vibrations and dynamic magnetic losses.
The maximum strain and largest hysteresis loop area are seen at a frequency near resonance (1000 Hz), indicating a phase angle of about −90
• . As the frequency increases beyond resonance, the strain magnitude diminishes rapidly accompanied by further delay of the phase angle.
Model results and experimental data are shown in the nondimensional frequency domain or harmonic order domain in figure 5 . It is noted that the frequency spectra contain the contribution of higher harmonics of the actuation frequency because of the nonlinear nature of the system. However, Terfenol-D exhibits relatively small hysteresis compared to ferromagnetic shape memory alloys such as Ni-Mn-Ga. Therefore, the contribution of higher harmonics of the actuation frequency is not as significant as seen in Ni-MnGa [6] . In figure 6 , we plot the variation of the magnitude and phase of the first harmonic. Note that the frequency at which the peak strain magnitude is observed (1000 Hz) occurs below the mechanical resonance frequency (1150 Hz). This is because the contribution of actuator dynamics to the phase angle is complemented by the phase angle due to magnetic field diffusion. Thus, the phase angle of −90
• and hence the corresponding maximum strain magnitude occur below mechanical resonance. A model is presented to describe the dependence of strain on applied fields in magnetostrictive actuators operated dynamically. The essential components of the model include the magnetomechanical constitutive response (obtained through the Jiles-Atherton model), magnetic field diffusion, and actuator dynamics. Our intuitive and physicsbased approach has been successfully implemented for two classes of magnetically activated smart materials: Terfenol-D and Ni-Mn-Ga [6] . The presented method can be extended to arrive at the input field profile which will result in a desired strain profile at a given frequency. If the direction of flow in figure 1 is reversed, the input field profile can be designed from a desired strain profile. It is comparatively easy to obtain the inverse Fourier transform, whereas calculation of the average field from a desired strain profile through a constitutive model, and estimation of the external field from the averaged diffused field inside the material can be complex.
The frequency spectra of the strain include even and odd harmonics. The contribution of higher harmonics is very small because the Terfenol-D actuator under consideration is biased with a field of 16 kA m −1 , which results in reduced hysteresis. An unbiased actuator exhibits larger hysteresis and would consist of only even harmonics, with increased contribution of the higher harmonics. The biased actuator resonates when the applied field frequency is close to the natural frequency of the actuator, whereas an unbiased actuator resonates when the applied field frequency is half of the natural frequency. Our approach can successfully model the unbiased actuator configuration as well [6] .
